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Abstract: Maximum likelihood (ML) detection is an optimal
signal detection scheme, which is often difficult to implement due to
its high computational complexity, especially in a multiple input
multiple-output (MIMO) scenario. In a system with Nt transmit
antennas employing M-ary modulation, the ML-MIMO detector
requires M\t cost function (CF) evaluations followed by a search
operation for detecting the symbol with the minimum CF value.
However, a practical system needs the bit-error ratio (BER) to be
application-dependent which could be sub-optimal. Thisimpliesthat
it may not be necessary to have the minimal CF solution all the
time. Rather it is desirable to search for a solution that meets the
required sub-optimal BER. In this work, we propose a new detector
design for a SISO/MIMO system by obtaining the relation between
BER and CF which also improves the computational complexity of
the ML detector for a sub-optimal BER.

Index Terms. Maximum Likelihood
Multiple-input Multiple-output (MIMO)

(ML) Detection,

l. INTRODUCTION

For any modern communication system, a maximum

likelihood (ML) detector is preferred due to its best data
recovery performance [1] but it is computationaly very
expensive to implement. This issue of computational
complexity in conventional digital machines is problematic as
it increases the latency with the increase of signal constellation
size and the number of transmitter antenna (TA). Magnificent
tele traffic growth in the last decade has pushed the
computational complexity and latency of a base station (BS) to
an aarming level. Diversified computational requirements and
massive growth in the connected user equipment (UE) in
modern cellular standards make the situation worse. From the
physical layer point of view, higher complexity operations
include signal detection, parameter estimation, and various
other error corrections at the receiver. To address this, severa
low complexity detection schemes were introduced in the
recent years.

In [2], complexity of ML detection is reduced using
Sensitive Bits (SB). [3] proposes a pre-decoder guided local
exhaustive search mechanism for V-BLAST [4]. In [5] a
similar reduction in ML complexity is achieved in M-PSK
modulated systems.
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Complexity reduction for a spatially modulated system
is proposed in [6]. A more generic approach with wide
range of applicability is considered in [7] where
performance is traded off with computational complexity.
But this approach doesn’t address the search algorithm, it
rather deals with the complexity reduction of calculation
of the cost function (CF). In this work, we try to address
the search complexity aspect of ML detection.

In the context of ML search, the extremum values from
the database of likelihood values dictate the positions of
decision boundaries in the constellation space. For
example, for an additive white Gaussian noise (AWGN)
system, ML detector boils down to a minimum distance
detector and decision boundaries are the perpendicular
bisectors of the lines joining any two adjacent
constellation points. Also, ML minimizes the BER for an
equiprobable source. If we choose any target BER other
than the optimum value, then the decision boundaries
change accordingly and BER increases. We exploit this
tradeoff in the subsequent sections in order to reduce the
search complexity in ML detection. Contributions:

1) In this work, we propose an ML detector which
looks for a sub-optimal BER while reducing the
search complexity for ML detection.

2) The proposed detection is first applied on a single
input single output (SISO) scenario and then
extended to a multi-antenna case.

. SYSTEM MODEL
A. SISO
For a SISO system, atypical datamodel is given as
y=hs+w, 1)

where h,sw are channel, transmitted data and AWGN,
respectively. We assume that s is from the constellation
space S with cardinality M. For ML detection, the
likelihood function (LF) corresponding to any s = s is

given as
L exp [—1 (CU — b‘z)zl
- 2 o
2TU . (2)

ML agorithm maximizes (2), which is the same as
minimizing (y — s)2 So we make the following search
space ® for the ML algorithm

LF(ST') =

0 = {do,dh,....,du-1}, €)
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where d = ly—s| for s € S i.e. dis the distance between the
received symbol and i" constellation point. For ML detection,
finding the optimum value is actually finding the constellation
point nearest to the received symbol. Therefore, the search
complexity depends on the size of ®. For a suboptimal BER
we search for a value from a desired data set other than ©.
This data set, say ®¢ & © contains all the values
that ensure that BER is less than the
maximum allowable BER. With this
motivation, we first start with a binary
phase shift keying (BPSK) system.

R2
/ R1 R3 \
<% -
HH
D1 D2

dmin

Fig. 1. Decision boundariesfor BPSK

1) BPSK: Choosing the minimum value from @ will result
in decision boundaries being the perpendicular bisectors. So,
when we choose a sub-optimal value, it is logical to move the
decision boundary from the midpoint. This is similar to a
Neyman Pearson (NP) criterion, where the boundary is shifted.
However, the NP criterion is best suited for binary hypothesis,
not for multiple ones. As this will lead to the determination of
the decision boundary value for various constellation points
and may lead to multi-objective optimization problem. To
dleviate the issue, we propose to have symmetric decision
regions. This leads to the concept of a "NULL” region. Hence,
if the decision boundary moves in one direction by some
amount, we will add a mirror image of it on the opposite side
in order to preserve the symmetry. With this motivation, we
propose the following detector design for BPSK.

Let us choose the decision boundaries to be at a distance of
p from s and s, as shown in Fig. 1. Therefore, we get two
decision regions (R; and Rs) each at a distance of g from each
constellation point. In this case, we have an overlapping region
R> which creates ambiguity for detection. So, we propose the
following detection criteria: If y is the received symbol and
{s0,51} form the constellation, then

1) If yliesintheregion Ry, then s'= .
2) If yliesintheregion Rs, then s'=s;.
3) If yliesintheregion R, then decideon s" = gor s'=5
with probability z.
4)
Let us now calculate the average probability of error for this
new detector. For s, error occurs when y fallsin the region Ry

and error might occur with probability % when it falsin Re.
From Fig. 2, let us assume that A; is the area of the curve in Ry
and Az is the area of the curve in R.. Then, the probability of
error isgiven as
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Fig. 2: Probability of error calculation for BPSK

For an ML detector, average probability of error is given
by substituting # = dnin/2 as

1 |h|dm'ﬁn
Pmin. = BTIC(T>
2 2Ny /. (5)

We call it Pnin because it is the least value that can be
achieved for any value of g i.e., Pe 2 Pnin. S0 by choosing
a different value from © instead of the minimum value,
we increase the probability of error. Hence, it is possible
to fix a BER (application dependent) that is greater than
the minimum BER and obtain the value of £ from
equation (4). We obtain arelationship between  and Ggin
Section-111.B. Also, as we are addressing the issue of
complexity rather than performance, we will drop the
channel coefficients from hereon.

2) PAM: Let usfollow the same procedure for obtaining
the average probability of error of pulse amplitude
modulation (PAM). We choose 4-PAM for simplicity.
The recelved signa distributions with the proposed
decision regions are shown in Fig. 3.
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1 1 1
P((i/Sﬂ) = Al + §A2 = §A1 + 5(141 +A2}
P((’/S]) :2A1 +A2

P(E/SQ) - 2A1 + AQ

=A + (A + Ay)
:Al +(A1 + As)

1
P(e/S3) = A1+ 542 = A1 +5 (A1 + As)
where,
min "j
= 6? —_—
fe ( V& )

AL+ Ay = ;er f((\/?\_’)
"~ P(e) = _(P(e/S)+ P(e/S)+ P(e/S)+ P(e/S)) 4

= P(e) = (A1 + (A1 + 42))

“Tnamn [3 3 {3
—_— +—er’fc('—). (6)
VA(I ) 8 Nll

2) 16-QAM case: Similarly, let’s derive the expression
of the average probability of error for quadrature amplitude
modulation (QAM). We derive it first for 16-QAM for
simplicity asfollows,

dm.in - 13 3 . ﬁ
| ——— —erfel —|. 7
(( /]\r@ )+ 4(Tf(( /—NO) (7)
The detailed derivation is given in Appendix-B.

3) M-QAM case: We will generalize the expression for
M-QAM as,

4)

Ple) = gerf (

Pe) = gc:r'f

P(e) = (1 \/IA—I) [‘”’"f (Wﬁ) wfc(x/;if_n)(}s)

The detail derivation is given in Appendix-C.

B. UNION BOUND

Before extending to MIMO, we derive the union bound of
the proposed detector for a SISO link.

1) S SO with M-QAM case: To derive the union bound for
the proposed symmetric based decision regions, we adopt the
nearest neighbour approximation. We need to categorize the
constellation depending on the number of neighbours the
symbol has as per the following table.

“ Symbols  Cardinality — # of nearest neighbours ”
Edges 4 2
Interior (v M — 2)? 4
Other  4(VM —2) 3

where symbols are categorized into edges, interior points and
others. Therefore, the probability of error for M-QAM can be
bounded as

o= {tele) 1

where,

M—-1
min

i d)} 1

Y Vi iy
‘\IQJN(] ]\I ;

)]
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=i ) {do( ) rho(tz2) )

Notice that this is exactly similar to Eq (8) and it can be
further simplified to
3)2
}. (10)

1 _i Uiy —HB)7
R —e Ny 4 —¢ 1Ny
\/M> { 2 2

2) MIMO: Consider a Ny x Nt MIMO system (i.e., with
N transmitter antennas and N, receiver antennas) with an
AWGN channel. Let Mi = QAM be the modulation of i
transmitting antenna then the union bound expression is

given as (from [8]),
Z Z Py(x, r)

T IFT

Ple) < 4(1 -

Ple) < —
H.'\‘ 1 A[ (11)

Here, the first summation is over al possible input vectors

. Ny .
(e, T2 My and Py(xx) is the pair-wise error
probability given asfollows

res=#{o(F )|

=] X (U sow]

(12),

§= e o |T—$\2
where I+ and’ 2Ny . Also, from [8], if

y ¢>> 1 then Py(x,X) would become

L 1 N» 2Nr'7l
Py(x,3) = (4_,}—') ( N, )

Then, the simplified union bound expression is

N,
) . (14)
1. IMPLEMENTATION

There are afew problemsin this detector to deal with.
1) Obtaining g from P(e).
2) Trandation of the proposed detector to a search
agorithm.

(13)

(2}\] ); ",.( f\n

PO S =g ZZ(M

T iFx

A. Proposed Solution for

From Eq (7) it is clear that it is not possible to write a
closed-form expression for f so we resort to numerical
methods. We use the Newton-Raphson method to find a
solution to Eq (7). Let P be the required BER, Prinbe the
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BER achieved by the ML detector and k = logs (M ).
T ﬂj % j
g(B) = r'.rf (W)Jrﬂrrfﬁ(m)fﬂ (15

Then, the derivative of this function is

(16)
Using the above two equations we start the iteration with fo =
0 and the following update equation.

Q'(.Bn)

91 (b)rb). an
Comment: For a MIMO system, calculation remains the

same except that g() becomes the Union Bound of Probability
of Error we calculated in equation (14).

ﬁn-H - ﬁn -

(2No) N (PN Nr
B) =
9(8) l—[m J\I Z:; [(‘Hd _ 3|2)
/ \\‘\.“ | J,"‘( A\
Y \ | 4
"‘,r“( A/ “'x,.\‘.
rFa Ay \“\\,

D1 D2

(a) Decision boundariesfor BPSK

2
/
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(b) Equivalent receiver with just one decision boundary
Fig. 4: Proposed simplification of the receiver

1\ N
+(462) ] -h

g’(;“a):—@Ng::(;?_l) DM ()

J#i

1 Np+1
+‘dmfn _ﬁl(m) :|

B. Proposed simplification of Detector

Implementing this detector requires a uniform distribution
which adds extra circuitry to the detector. Fortunately, we can
implement this detector without ever using a uniform
distribution. Consider the BPSK again asin Fig. 4a,

Probability of error expressions for this scenario are
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1
Pi(e)=A + —Ao

= _Al + = (A1 +A2)

(18)
Now, consider thefoIIOW| ng scenario with only one
decision boundary asin Fig. 4b. Distance between s, and
1 1S dmin and distance between s, and D1 is 5. Probability of
error inthis caseis given as,

1 1
Py(e) = 514:*. + §A4. (19)

AsAz=Arand As= A1+ Az, we can write

Psye) = —Al + - (Al +A«))

(20)
The motivation for writing the equations in this form is
clear by observing that Pi(e) = P2(e). Now, detection
criteriafor this detector can be written as

ly —s1| < 43,

elsewhere.

§=s, if
= 5 (21)
Given this criteria, we can now establish the relation
between f and @q. Firstly, we fix the BER at P and obtain
the value of f as described in the last subsection and to
practicaly achieve that BER we collect al the di’s such
that di £ p. These di’s form the set ®q. In other words,
choosing any di € 04 from ® will achieve the required

BER.

V. NUMERICAL RESULTS

A. Probability of Hitting

For an ML detector, probability of hitting a solution in
the search algorithm for a MIMO system with N; transmit
antennas each employed with M-QAM modulation is:

b
MY

For the proposed detector, we changed the search criterion
to Eq (21) which directly reduces the search space. As we
are considering an AWGN environment with mean 0 and
variance Np, all the search elements in ®q4 are Gaussian
distributed. Thus, probability of hitting becomes:

Pyr(H) =

MYt x P(ly — s| < B)

PPI_)(H): _]'L[Nt
MMt x Ny/
PPU(H} — (ﬂr‘;[.‘\f)( 0f ))

= Ppp(H) =1- Q(Nof)

It can be see that, the proposed detector removes the
exponential dependency of probability of hitting on the
transmitter and constellation sizes. Now it’s just a
function of g that significantly helps in scaling the
approach for amassive MIMO system.
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B. Complexity Analysis
To demonstrate how the proposed receiver compares to the

ML receiver, we performed the following simulation under the

conditions.

e Modulation: 16-QAM with 2 x 2 MIMO.

» Required BER: P(y) = 2xPnin(y), where Prin(y) is the BER

obtained by ML receiver at the SNR 7y”.

We assume perfect channel estimation and equalization here.
Procedure:

1) Obtain B(yo) at any yousing Newton-Raphson.

2) Deploy linear search over the set ©.

3) Obtain the number of evaluations the search algorithm
takes to detect every symbol and average over all the
symbols (10 million in this case).

4) Normalize the result to 1 by dividing it with 162,

5) Repeat the same with the next SNR value.

ML receiver always takes the same number of evaluations,
as it needs to find the least value from the set, which is equal
to the size of the search space. Whereas the proposed receiver
takes as many evaluations before it hits avalue that is less than
B(y) (i.e., a value from the set @g). This probability of hitting a
solution increases with increasing SNR as the f(y) value also
increases with SNR provided P(y) is kept constant. Hence, the
number of evaluations required by the proposed receiver
decreases with increasing SNR as evident from the plot in Fig.
5.

Query Complexity
o o o o
o 2 ~ e @ 4 ©
o ~ w =] (3.3 =] w —

S
=2

= ML Receiver
- | === Simulated curve of our Receiver

o
o
(3]

0 2 t; é t; 1I0 1I2 14
Eb/No, dB
Fig. 5: Query Complexity vs SNR

= L Receiver
=t Simulated curve for proposed Receiver

Bit Error Rate

0 .;» ‘IID 15
Eb/No, dB
Fig. 6: BER vs SNR
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C. BERvsSNR

We improved the computational complexity but we also
do not want to trade this off with performance. For this,
we simulated the BER performance of the proposed
receiver on the same system as shown in Fig. 6.

V. CONCLUSION

In this work, we have proposed a modified ML
algorithm with application dependent BER. Choosing a
sub-optimal BER moves the decision boundaries such that
it increases the number of solutions for the cost function
which in turn reduces the size of search space for ML
detection. We proposed a detector design to exploit this
property while eliminating the NULL regions. Then the
proposed detector is also extended to a MIMO scenario
deriving the union bound expression for probability of
error calculation. This detector achieved a significant
computational complexity advantage depending on the
target BER. Simulation results also suggests the same.

APPENDI X
A. Let usconsider the detector for 4-PAM.

Fig. 7: 4-PAM constellation with new boundaries

We will calculate the average probability of error for
this detector and compare it with the proposed detector.

1%6)==%L41+(A14—A2)+(A14—A2)+1%)

Ple) = %(Al + Ay)

1 8
A = §ffr'f(:(TrD)

d'm,'in - ,5’)
/N,
0

Notice that Azisdifferent from Azin Section I1.

where,
1
Ay = §e'r'fc(

3 3 3 Amin — B
P(e) = ge?’f(:(TTU) + gcrfc(\/_TYU)

B. Consider 16-QAM as shown
Consider the

(22)

in the figure
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Fig. 8: 16 QAM constellation with new boundaries

exterior points S, S, S, Sis. Probability of detection and
probability of error of these points are given as

e (5o

)
P(e/Soa5) =1 — P(d/So15)
P(e/Ss) = —[1 1erfc(\/—0)]2

s =1 b 5|

Similarly for the points $,$,$,%,5,$11,53,S4 (neither
interior nor exterior points) probability of detection and
probability of error of these points are given by,

T 8
P(d/S12711) = {1 3er fc( f\’u)] X

i) o 5]
P(e/S12711)=1—P(d/S12711)
P(d/S18,13.14) = [1 - lt”f ( m\'/”_; B)] X

]. 8 ]).’7'” ;j)
sl o) ]
P(e/Sig314) =1— P(d/S1813.14)

P(d/Sy15) = [

For the interior points $5,S,S,Si0, probability of detection
and probability of error of these points are given by,

— P(d/S56.9.10) = [1 - = {fff(,( i’ >+
0

Ayin — 3

P(e/Ss56.9.10) =1 — P(d/Ss56.9.10)

Total probability of error is given by,
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P(e) = P(e/S3) + P(e/S13) + 2P(e/So))+

1
i6{
(4P(e/S5)) + (4P(e/Sh) + 4P(e/5‘4))]

Substituting the values and simplifying it by neglecting
the second order terms gives,

B 3 CE ’.'J’??"ri_d
Ple)= ”fc(\/_)+3mfc( VNo ) 23)

C. We will derive the general expression
for — probability of —
error of an M—QAM. Generalizing this to
M-QAM we gety V4

exterior points, (M — 2)? interior points and 4(M — 2)
points that are neither exterior nor
interior.

o = (VI —2)

Pe/S.) + i

AWM —2)
M

P(S/Sf)Jr

———P(e/5,)

— P(e) = % |:(P((i/83) + P(e/S13) +2P(e/S))

+((VM —2)*P(e/S5)) +
2(VM —2)P(e/S1) + 2(vVM — 2)P(e/5',1))]

Simplification gives
— _ L - d‘m'i?i - H . L
P = (1= g ) e ) +erre( )
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